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Abstract: 

Compactness is one among the important topological properties. Compactness of a Pre-Closure topological space that is defined 

on the closure of a set A is mainly depends upon the number of limit  points of A. If the number of limit  points of A is finite then 

the Pre-Closure topology on Cl(A) is compact. This is due to the fact that if there is only fin ite limit points for A  then the number 

of open sets in the Pre-Closure topology on Cl(A) consist of only finite open sets. If the number of limit points is count ably 

infinite then Pre-Closure topology on Cl(A) is not compact. This paper is devoted to establish these results. 
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I. INTRO DUCTION 

Compactness is the generalization to topological spaces of the 

property of closed and bounded subsets of the real line: the 

Heine-Borel Property. While compact may infer s mall “size” 

but in general this is not true as we know [0, 1] is compact but 

(0, 1) is not. Compactness was introduced into topology with 

the intention of generalizing the properties of the closed and 

bounded subsets of R
n
. The notion of Pre-Closure set and Pre-

Closure topology was introduced by Vaisakh Venu and 

Jomol T Joseph In [1]. The idea of this paper is to investigate 

the compactness of Pre-Closure spaces. 

 

II. PRELIMINARIES  

Let S be a subset of the topological space (X, τ). A point x in 

X is a point of closure of S if every neighbourhood of x must 

contain at least one element of S [2]. A point x in X is a limit 

point of S if every neighbourhood of x must contain at least 

one element of S other than x [3]. The closure Cl(S) of S is the 

collection of all points of closure of S or in other words Cl(S) 

is the union of S and its limit point [4]. Let A be a subset of 

the topological space X. An open cover for A is a collection O 

of open sets whose union contains A. A sub cover derived 

from the open cover O is a sub collection O0 of O whose union 

contains A topological space X is compact provided that every 

open cover of X has a fin ite sub cover. This says that however 

we write X as a union of open sets, there is always a fin ite sub 

collection whose union is X. A subspace A of X is compact  if 

A is a compact space in its subspace topology. Since relatively 

open sets in the subspace topology are the intersections of 

open sets in X with the subspace A, the definition of 

compactness for subspaces can be restated as follows- A 

subspace A of X is compact if and only if every open cover of 

A by open sets in X has a finite sub cover. Let (X, τ) be a 

topological space and A is an open set in X. Then we define 

the Pre-closure set of A to be any set B in X if A is a subset of 

B and every element in B is a point of closure of A. 

 

III.      CO MPACTNESS O F PRE-CLOSURE SPACES 

  

Result 1 

Every Pre-Closure topology that defined on a finite set X is 

compact 

Proof: The proof is trivial from the definit ion of compactness  

and from the fact that a Pre -Closure topology that defined on a 

fin ite set contains only finite open sets. 

Result 2 

Let (X, τ) be a topological space and A be a co -finite set in X; 

i.e. a set whose compliment contains only finite elements of X. 

Then the Pre-Closure subspace topology on Cl(A) is Compact. 
 

Proof. Let A be co-finite set of X. Clearly A has at most a 

fin ite number of Pre-Closure sets in X. So the corresponding 

Pre-Closure topology on Cl(A) consist of only finite number 

of open sets. So the result follows from the definit ion of 

Compactness. 

 

Result 3 

Let (X, τ) be a topological space and A be set in X with 

countably infin ite limit points. Then the Pre-Closure topology 

on Cl(A) is not compact. 

 
Proof. Let (X, τ) be a topological space and A be set in X with 

infinite limit points. Let S={A1,A2,A3,…} be the infin ite set of  

limit po ints of A and let Sk=AAk for k=1,2,3,….Then each 

Sk is a Pre-Closure set of A hence Sk is open in  Cl(A) for all k. 

And clearly the union of all these Sk’s is Cl(A), So the 

collection of all Sk, k=1,2,3…forms an open cover for Cl(A). 

But it is clear that there is no fin ite sub collection of this which 

can cover Cl(A). 

The following example illustrates result 3.  

Let (X, τ) be a topological space where X={1,2,3,…..} and τ 

denote the indiscrete topology[3] on X. Let A={1,2}, then 

Cl(A)=X since τ is the indiscrete topology. Let Sk=A {k} 

for k=1,2,3,…Clearly  the union of all these Sk’s is Cl(A), So 

the collection of all Sk, k=1,2,3…forms an open cover for 

Cl(A). But it is clear that there is no finite sub collection of 

this which can cover Cl(A). 

So from these results it is clear that Compactness of a Pre-

Closure topological space that is defined on the closure of a 

set A is mainly  depends upon the number of limit points of A. 

If the number of limit points of A is fin ite then the Pre-Closure 

topology on Cl(A) is compact.. If the number of limit points is 

count ably infin ite then Pre-Closure topology on Cl(A) is not 

compact.  
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